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Abstract. An E-nilpotent local ring is a local ring (i?,m) of prime characteristic defined 
by the nilpotence of the Frobenius action on its local cohomology modules A 

singularity in characteristic zero is said to be of E-nilpotent type if its modulo p reduction 
is E-nilpotent for almost all p. In this paper, we give a Hodge-theoretic interpretation of 
three-dimensional normal isolated singularities of E-nilpotent type. In the graded case, this 
yields a characterization of these singularities in terms of divisor class groups and Brauer 
groups. 


Introduction 

F-singularities, classes of singularities in positive characteristic defined in terms of the 
Frobenius morphism, have been studied intensively in recent years. They partly conjecturally 
correspond to singularities in birational geometry in characteristic zero via reduction from 
characteristic zero to positive characteristic. Three classes of E-singularities appear in this 
paper: E-rationality, E-injectivity and E-nilpotence. As the name suggests, it follows from a 
combination of results of Smith [32], Kara [14] and Mehta-Srinivas [24] that a singularity in 
characteristic zero is a rational singularity if and only if its modulo p reduction is E-rational 
for almost all p. E-injectivity, which is a broader class of singularities than E-rationality, 
is defined by the injectivity of the Frobenius action on its local cohomology modules. It is 
conjectured that a singularity in characteristic zero is a Du Bois singularity, which has its 
origin in Hodge theory, if and only if its modulo p reduction is E-injective for infinitely many 
p (the “if’ part was proved by Schwede [30]). This conjecture is open even in dimension 
two, and it has recently turned out in [3] (see also [25]) that it is equivalent to another more 
arithmetic and wide open conjecture, the so-called weak ordinarily conjecture (see Conjecture 
1.9 for the precise statement). Since we do not know how to prove these conjectures at this 
point, we shift our focus on another class of E-singularities, E-nilpotence, which is also a 
broader class of singularities than E-rationality. 

Let (E,m) be a d-dimensional excellent normal local ring of positive characteristic p > 0. 
Then, by a result of Smith [32], there exists a unique maximal proper submodule of th® 

local cohomology module H^{R) stable under the natural Frobenius action. We say that R 
is E-nilpotent if the natural Frobenius actions on H^{R ),..., H^^{R) and on are all 

nilpotent. It is easy to see that R is E-rational if and only if it is E-injective and E-nilpotent. 
To the best of authors’ knowledge, the notion of E-nilpotence first appeared in [6]^ in order 
to describe some invariants of singularities in positive characteristic, the so-called Lyubeznik 
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numbers, in terms of etale cohomology. In this paper, we pursue a geometric interpretation 
of F-nilpotence in the case of isolated singularities. We say that a singularity (x G X) in 
characteristic zero is of F-nilpotent type if its modulo p reduction {xp G Xp) is F-nilpotent 
for almost all p. We then propose the following Hodge-theoretic conjecture. 

Conjecture H„. Let [x G X) he an n-dimensional normal isolated singularity over the field 
C of complex numbers {and then F|^|(Xan,C) has a canonical mixed Hodge structure due to 
Steenbrink [33]). Then {x G X) is of F-nilpotent type if and only if the zeroth graded piece 
Gr^F|^|(Xan, C) of the Hodge filtration vanishes for all i. 

In the setting of Conjecture H„, let tt : F ^ X be a resolution of singularities with simple 
normal crossing exceptional divisor F = such that 'k\y\e • Y \ E ^ X \ {x} is an 

isomorphism. Then the condition that Gt^H^^^^{Xs^^,C) = 0 for all i is equivalent to saying 

that H^{E,Oe) = 0 for all i > 1. On the other hand, the F-nilpotence of the modulo p 
reduction (xp G Xp) of (x G X) is equivalent, after extending the residue field to its algebraic 
closure, to the injectivity of the map id — F : H^^^{Oxp,xp) H^^^{Oxp,xp) for all i, where 
id is the identity map and F is the natural Frobenius action on the local cohomology module 
H^j: {Clxp,xp)- Therefore, making use of the Artin-Schreier sequence in the etale topology, 
we can see that (x G Ai) is of F-nilpotent type if and only if the natural Frobenius action 
on the sheaf cohomology H^{Ep, Oep) of the modulo p reduction Ep of E is nilpotent for all 
i > 1 and almost all p. 

Here we introduce another more arithmetic conjecture, which is closely related to the weak 
ordinarity conjecture. 

Conjecture N„. Let V be an n-dimensional projective simple normal crossing variety over 
an algebraically closed field of characteristic zero. Then there exist infinitely many primes 
p such that for each i, the natural Frobenius action on the cohomology group H‘^{Vp,Ovp) of 
the modulo p reduction Vp of V is not nilpotent provided H^{V,Ov) is nonzero. 

Although the weak ordinarity conjecture is open even in the case of curves. Conjectures Ni 
and N 2 are known to be true, which is essentially due to Serre [31] and Ogus [26] (see also [20]). 
It follows from an application of Conjecture N„_i to the above F that the natural Frobenius 
action on H^{Ep, Oep) is nilpotent for almost all p if and only if H^{E, Oe) vanishes. Thus, 
summing up the above discussion, we obtain the following theorem. 

Main Theorem (=Theorem 3.8). If Conjecture N„_i holds, then Conjecture H„ holds as 
well. In particular, Conjecture H 3 holds true. 

As an application, we give a characterization of two-dimensional normal singularities of 
F-nilpotent type in terms of divisor class groups. That is, let (F, m) be a two-dimensional 
normal local ring essentially of finite type over an algebraically closed field of characteristic 
zero. Then R is of F-nilpotent type if and only if the divisor class group C1(F) of the m- 
adic completion R does not contain the torsion group Q/Z (Theorem 4.2). This should be 
compared with Lipman’s characterization of two-dimensional rational singularities in terms 
of divisor class groups [22]. We also have a similar characterization of three-dimensional 
normal graded isolated singularities of F-nilpotent type in terms of Brauer groups (Theorem 
4.4). 
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1. Preliminaries 

In this section, we will recall some definitions and results that we will need in later sections. 

1.1. Du Bois singularities. First we recall the definition of Du Bois singularities, originally 
introduced by Steenbrink to study degenerations of variations of Hodge structures. 

Let (x G X) be a reduced singularity over an algebraically closed field k of characteristic 
zero. A log resolution (resp. a projective log resolution) of (x € X) is a proper (resp. pro¬ 
jective) birational morphism vr : Y —>■ X with Y smooth such that the closed fiber 7 r“^(x) 
and the exceptional locus Exc( 7 r) of vr are divisors on Y and that Exc( 7 r) U' 7 r“^(x) are simple 
normal crossing divisors. 

Definition 1.1. Let (x € X) be a singularity over an algebraically closed field of charac¬ 
teristic zero and be the zeroth graded piece of the Du Bois complex (see [9] for the 
original definition of and [29] for its alternative characterization). We say that (x € X) 
is Du Bois if the canonical map Ox,x ilx x ^ quasi-isomorphism. 

There exists a simple characterization of Du Bois singularities in the case of normal isolated 
singularities [33]: let (x G X) be a normal isolated singularity over an algebraically closed field 
of characteristic zero. Take a log resolution vr ; Y —)• X of (x G X), and put E := 7r“^(x)i.ed- 
Then (x G X) is Du Bois if and only if the natural map {R^f*OY)x H^{E,Oe) is an 
isomorphism for all i > 1. 

1.2. E-rational and E-injective rings. In this subsection, we briefly review the definitions 
of E-rational and E-injective rings and their basic properties. 

In this paper, all rings are excellent commutative rings with unity. Eor a ring R, we denote 
by R° the set of elements of R which are not in any minimal prime ideal. Let E be a ring 
of prime characteristic p and E : E ^ E be the Erobenius map sending x G E to x^ G E. If 
(E,m) is local, then the Erobenius map E induces a p-linear map H^{R) H^{R) for each 

i, which we denote by the same letter E. The e-th iteration of E is denoted by E®. 

Definition 1.2. Let (E,m) be a d-dimensional local ring of characteristic p > 0. 

(i) We say that E is F-injective if E : H^{R) H^{R) is injective for all i. 

(ii) We say that E is F-rational if E is Cohen-Macaulay and if for any c a R°, there exists 

e G N such that cE® : E^(E) H^{R) is injective. 

It is immediate from definition that E-rational rings are E-injective. 

Definition 1.3. Let (E,m) be a d-dimensional reduced local ring of characteristic p > 0. 

(i) The Erobenius closure O^i of the zero submodule in H^{R) is the submodule of 

H^{R) consisting of all elements 2 : G H^{R) for which there exists e G N such that 
F^{z) = 0 . 

(ii) The tight closure of the zero submodule in H^{R) is the submodule of H^{R) 

consisting of all elements 2 G H^{R) for which there exists c ^ R° such that cF^{z) = 0 
for all large e G N. 
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(iii) An element c G is a parameter test element if cF^{z) = 0 for all e G N whenever 

(iv) The parameter test submodule is defined by t{ujr) = Ann^j^O^^^^) ^ ^R- 

Remark 1.4. (1) By the definition of T-rational rings, R is T-rational if and only if R is 
Cohen-Macaulay and = 0 (equivalently, t{ujr) = ojr). 

(2) ([32]) When R is analytically irreducible, is the unique maximal proper R- 

submodule of H^{R) stable with the Frobenius action F. 

Let i? be a ring of prime characteristic p. Given an i?-module M, we will use F^M to 
denote the i?-module which agrees with M as an additive group, but where the multiplication 
is defined by r • m = m. This notation is justified since if X = Specii and M is the quasi- 
coherent Ox-module corresponding to M, then the push-forward F^M is the quasi-coherent 
sheaf corresponding to F^M. We say that R is F-finite if FjR is a finitely generated R- 
module. 

Let F^ : R ^ F^R be the e-th iteration of the Frobenius map. The e-th iteration Tr^ : 
F^^r ojR of the trace map is the cu/j-dual of F^. 

Lemma 1.5. Let (i?,tu) be an F-finite reduced local ring of prime characteristic p. 

(1) ([5, Proposition 3.2 (e)]) t{ujpi)p = for all P G Speci?. 

(2) Let {R,m) ^ {S,n) be a flat local homomorphism of F-finite reduced local rings of 
characteristic p > 0. If S/mS is a field which is a separable algebraic extension of 
R/m, then T{iOR) S = 

Proof. We include the proof of (2), because a reference to this fact is not easily found. Since 
t{ujs) S = T{ujg) where S denotes the n-adic completion of S (cf. [15, Proposition 3.2]), 
we may assume that S is complete. First we will show the following claim. 

Claim. The natural map FfR iS)r S ^ FfS is an isomorphism for each e > 1. 

Proof of Claim. Let k = R/m, K = S/mS and R be the m-adic completion of R. By Cohen’s 
structure theorem, there exists an embedding k ^ R. Let T = R®kK and T be the mT-adic 
completion of T. Then by [27, Proposition 3.4], there exists an isomorphism of i?-algebras 
S = T. It immediately follows from the F-finiteness of R (resp. T) that FfR R = FfR 
(resp. FfT T = FfT). Therefore, it suffices to show that FfR (g)^ T = FfT. Since K/k 
is a separable algebraic extension, we can construct a direct system {TaIasa of finite etale 
extensions T\ of R such that lin^^g^ T\ = T. Using the fact that T\ is an etale extension of 
R, we see that the natural map FfR (gg Ta FfTx is an isomorphism. Thus, 


FfRi 


^R 


T = F!R ( 


AeA 


R 

Tx^lu^iFfRi 

AeA 


)^rA)^ih^F,^rA = F,^r. 

AeA 


□ 


We are now ready to prove the assertion. Let c G i?° be a common parameter test element 
for R and S. By an argument very similar to the proof of [15, Lemma 2.1], t{ujp) coincides 
with the image of 

^ ^Fp{Ff{cujji)) lor, 
e>0 
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where Tr|j ; F^ujr —>■ ojr is the e-th iteration of the trace map on R. Note that ujr®rS = cos, 
because i? ^ S' is a flat local homomorphism and its hber ring is a held. By the above claim, 
one has 

f^cor 0rS^ f^ur (^f:r f:r 0rS^ f^ur ^f:r f:s ^ F^UJS, 
so that Tr^ ^r S : F^ojr ®r S —>■ ojr ®r S is isomorphic to the e-th iteration Tr| : F^ujr —>■ tos 
of the trace map on S. Thus, under the isomorphism ujr (g) S = ojs-, t{ljr) iSir S is identihed 
with the image of 

^Tr|(F®(cw5)) LOS, 
e>0 

which coincides with T(a; 5 ) by an argument similar to the proof of [15, Lemma 2.1] again. □ 

We dehne the notion of T-singularities in characteristic zero, using reduction from charac¬ 
teristic zero to positive characteristic. 

Let {x € X) be a singularity over a held k of characteristic zero. Choosing a suitable 
hnitely generated Z-subalgebra A C k, we can construct a (non-closed) point xa of a scheme 
Xa of hnite type over A such that {Xa,xa) x spec a Spec k = (X, x). By the generic freeness, 
we may assume that Xa and xa are hat over Spec A. We refer to {Xa,xa) as a model of 
{X,x) over A. Given a closed point fj. G Spec A, we denote by (Xp,Xp) the hber of {X,x) 
over fj.. Then X^ is a scheme of hnite type over the residue held k(^) of /r, which is a hnite 
held. 

Similarly, we can reduce a projective resolution n : Y —>■ X of (x € X) and divisors on Y 
to positive characteristic. The reader is referred to [17, Chapter 2] and [25, Section 3.2] for 
more detail on reduction from characteristic zero to characteristic p. 

Definition 1.6. Let {x G X) be a singularity over a held k of characteristic zero. Let P 
denote a property of local rings essentially of hnite type over hnite helds which is stable under 
hnite held extensions. Suppose that we are given a model of {X, x) over a hnitely generated 
Z-subalgebra A of k. 

(i) {x G X) is said to be of P type if there exists a dense open subset S C Spec^l such 
that Ox^,x^ satishes the property P for all closed points p £ S. 

(ii) (x G X) is said to be of dense P type if there exists a dense subset of closed points 
S C Spec^ such that Oxf^,Xf^ satishes the property P for all p £ S. 

This dehnition is independent of the choice of representative of the germ and the choice of 
its model. 

Theorem 1.7. Let (x G X) be a reduced singularity over a field of characteristic zero. 

(1) ([14], [24], [32]) (x G X) is a rational singularity if and only if it is of F-rational type. 

(2) ([30]) If (x G X) is of dense F-injective type, then it is a Du Bois singularity. 

The converse of Theorem 1.7 (2) is also expected to hold. 

Conjecture 1.8. Let (x G X) be a reduced singularity over an algebraically closed field of 
characteristic zero. If (x G X) is Du Bois, then it is of dense F-injective type. 

Conjecture 1.8 is open even in dimension two and is equivalent to another more arithmetic 
conjecture. 

Conjecture 1.9 (Weak Ordinarily Conjecture [25]). Let V be an n-dimensional smooth 
projective variety over an algebraically closed field k of characteristic zero. Given a model of 
V over a finitely generated 7,-subalgebra A of k, there exists a dense subset of closed points 
S C Spec A such that the natural Frobenius action on 77"'(V)i, Oy^) is bijective for all p £ S. 
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Proposition 1.10 ([3, Theorem 4.2]). Conjecture 1.8 holds if and only if Conjecture 1.9 
holds. 

1.3. p-linear maps on vector spaces. In this subsection, we recall some basic facts on 
p-linear maps on vector spaces. The reader is referred to [7, Lemma 3.3] for the proofs. 

Let A; be a perfect field of characteristic p > 0 and P be a finite-dimensional vector space 
over k. Let p -. V ^ V he a, p-linear map, that is, a morphism of abelian groups such that 
ip{cv) = cPp{v) for all c G A: and v € V. Then V can be uniquely decomposed into a direct 
sum of two subspaces P = I4s © 14 ii) where p is bijective on Pss and is nilpotent on Vnii. 
The subspace I4s is called the semi-simple part and I4ii is called the nilpotent part of V with 
respect to p. 

Let k be an algebraic closure of k and put V := V (S>k The map p induces a p-linear 
map p : V ^ V defined by p(v © A) = p{v) © A^. We consider a morphism of abelian groups 
id — Tp-.V —>• P, where id is the identity morphism on V. This morphism is surjective and 
the kernel Ker(id — p) = {v^V\ piv) = u} is an Fp-vector subspace of V such that 

Vss ®kk = Ker(id - Tp) ©p^ k. 

Thus, = 0 if and only if id — p is injective (equivalently, bijective). 

2. F-NILPOTENCE 

In this section, we study ring-theoretic properties of F-nilpotent rings, a class of F- 
singularities defined by the nilpotence of the Frobenius actions on the local cohomology 
modules.^ 

Definition 2.1 (cf. [6, Definition 4.1]). Let (F,m) be a d-dimensional local ring of char¬ 
acteristic p > 0. We say that R is F-nilpotent if the natural Frobenius actions F on 
H^{R),... ,H^^{R), are all nilpotent. A singularity {x G X) over a field of charac¬ 

teristic p > 0 is said to be F-nilpotent if Ox,x is F-nilpotent. 

Remark 2.2. By [23, Proposition 4.4], the natural Frobenius action F on H^(R) (resp. 

is nilpotent, that is, F^{H^{R)) = 0 (resp. ~ some e G N if 

and only if for every element z G H'f^{R) (resp. z G there exists G N such that 

F^^{z) = 0 . 

The following is the dual statement to Definition 2.1. 

Lemma 2.3. Let (F,m) be a d-dimensional F-finite local ring of characteristic p > 0 with 
a normalized dualizing eomplex co^. Then R is F-nilpotent if and only if there exists e G N 
such that h~'‘'Ff:uj]^ — h~^u}^ is a zero map for all i ^ d and Ff {u}r/t{u}r)) —)• ijJr/t{ujr) is 
also a zero map. 

Proof. It follows from an argument similar to the proof of [30, Proposition 4.3] that for each 
i, F® : F[^{R) —)• F[^{R) is a zero map if and only if h~^Ffu}^ —)■ h~^u}^ is a zero map. On 
the other hand, since ujr/t{ujr) is the Maths dual of 0* h follows from an argument 
similar to the proof of [15, Lemma 2.1] that F® : 0^^^^^ —)• 0]^^^^^ is a zero map if and only 
if Ff {ujr/t{ujr)) — ujr/t{u}r) is a zero map. Thus, we obtain the assertion. □ 

^ Blickle and Bondu introduced in [6] the notion of rings close to F-rational in order to study Lyubeznik 
numbers in terms of etale cohomology. In this paper, we use the term “F-nilpotent rings” for the same notion 
to emphasize the nilpotence of the Frobenius actions on the local cohomology modules. 
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We collect basic properties of F-nilpotent rings. 

Proposition 2.4. Let {R,xn) be a d-dimensional reduced local ring of characteristic p > 0. 

(1) R is F-rational if and only if R is F-nilpotent and F-injective. 

(2) Suppose that R = S/I, where S is an n-dimensional F-finite regular local ring and 
I is a prime ideal of S. Let Ds be the ring of differential operators of S. Then R 
is F-nilpotent if and only if Hf~'^{S) is a simple Ds-module and H}{S) = 0 for all 
i n — d. 

(3) If R is F-finite and F-nilpotent, then so is Rp for all P G Speci?. 

(4) Let {R,m) ^ {S,n) be a flat local homomorphism of F-finite reduced local rings of 
characteristic p > 0. Suppose that S/mS is a field which is a separable algebraic 
extension of R/m. Then R is F-nilpotent if and only if so is S. 

Proof. (1) Assume that R is F-rational of dimension d. Then H^{R),... ,H^~^{R), 
are all zero. Hence, R is obviously T-nilpotent. 

We will show the converse implication. Assume that R is T-nilpotent and T-injective. 
Then the natural Frobenius actions F on II^{R),... ,H^^{R), are all injective and 

nilpotent. This means that H^{R),..., H^~^{R), all have to be zero, that is, R is 

F-rational. 

(2) This is the statement of [ 6 , Proposition 4.2]. 

(3) We use the characterization of T-nilpotent rings given in Lemma 2.3. The assertion 
then follows from the fact that the localization of a dualizing complex (resp. a canonical 
module) of i? at P is a dualizing complex (resp. a canonical module) of Pp, together with 
Lemma 1.5 (1). 

(4) Since P > S' is a flat local homomorphism and its fiber ring is a field, cog := uj^ < 8 )p S 

is a normalized dualizing complex of S. By an argument analogous to the claim in Lemma 
1.5 (2), one has Ffojf^ S = Ffuj^. On the other hand, it follows from Lemma 1.5 (2) that 
{ujr/t{ujr)) 'S)rS = ujs/t{wis) and Ff{ujR/T{ujR)) ®rS = Ff{us/T{ujs)). The assertion then 
follows from Lemma 2.3. □ 

Proposition 2.5. Let (P, m) be a reduced local ring containing its algebraically closed residue 
field k of characteristic p > 0. Suppose that R is equi-dimensional of dimension d > 1 and 
the punctured spectrum SpecP \ {m} is F-rational. Then R is F-nilpotent if and only if 
F{f/) f for all nonzero ^ G Hf^{R) and all i. 

Proof. First we will show the “only if’ part. Assume to the contrary that there exist an 
integer 1 < i < d and a nonzero element ^ G P^(P) such that P(0 = If * = d, then take 
c & R° such that cf, = 0. Since cF^{f/) = c.^ = 0 for all e G N, we see that ^ G Then 

F is not nilpotent on 0* because F^{f) = ^ 0 for all e G N. Similarly, if z < d — 1, 

then F is not nilpotent on Hf^(R). This is a contradiction. 

Next we will prove the “if’ part. Since SpecP \ {m} is P-rational, P^(P) and 

have finite length as P-modules for all 1 < z < d — 1. We will show that the Hf„{R)/O^i 
and /O^d are all finite-dimensional /c- vector spaces. We fix an arbitrary element 

f G Take a sufficiently large n so that = 0, and pick an integer e such 

that p^ > n. Then P'^(m^) = C m”P®(^) = 0, so G O^d^pv Therefore, 

m = 0- Similarly, we can check that m ^Lf^(P)/0^i = 0 for all 1 < z < 

d-l.” 
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Let Vi := for each i = and Vd := The natural 

Frobenius action F on H^{R) induces a Frobenius action F on for all i = 1,... ,d. We 

will prove that F is nilpotent on each Vi. Let ^i G F[^{R) whose image in Vi lies in 

ker (id—F : Vi —>■ V)- By definition, S O^i which means that = 

~ T’(^i)) = 0 for some e G N. It then follows by assumption that F^{^i) = 0, so that 
^i = 0. Therefore, Ker (id —F) = 0, which implies that the semi-simple part of Vi with respect 
to F is trivial, that is, F is nilpotent on Vi. 

By the definition of Vi, the nilpotence of F on the Vi is equivalent to the nilpotence of F 
on H^{R),... ,F[^~^{R), Thus, R is F-nilpotent. □ 

Remark 2.6. We say that a local ring (F,m) of prime characteristic p is F-fixed point free 
if F(^) 7 ^ ^ for all nonzero ^ G H'f,{R) and all i. The notion of F-fixed point freeness is 
closely related to the notion of F-instability introduced by Fedder and Watanabe [12]. For 
example, suppose that {R, m) is an F-injective complete local ring with algebraically closed 
residue field R/m. Comparing [10, Corollary 2.8] and [16, Proposition 5.2], we see that R is 
F-unstable if and only if R is F-fixed point free. 

Example 2.7. Let A: be a perfect field of characteristic p > 0. 

(1) Let R = 0„>o Rn be a d-dimensional Cohen-Macaulay graded ring with Rq = k, and 

let m be the unique maximal homogeneous ideal of R. Suppose that R is F-rational 
away from m, that is, has finite length as an F-module. Since the action of 

Frobenius on H^{R) multiplies degrees by p, we can see that R^ is F-nilpotent if 
and only if the Frobenius action on the part [F^(F)]o of degree zero is nilpotent. In 
particular, if the a-invariant a{R) is negative, then Rm is F-nilpotent. 

For example, let R = k[x, y, z]/{x'^ + 2/^ + and m = {x,y,z). Since the degree 
zero piece of H^{R) is zero, Rm is F-nilpotent. 

(2) Let (F,m) = (^k[x,y, z]/{x‘^ y^ z'^ xyz)) ^ Then R is F-injective but not 

F-nilpotent. On the other hand, R/zR = k[t '^is F-nilpotent. Thus, F- 
nilpotence does not deform. 

(3) ([4, Example 5.28]) Let F = [k[x,y, z]/{x'^ + y"^ + z"^)) ^ Then F is F-nilpotent 

if and only if p ^ 1 mod 4. 

(4) Suppose that p = 2 and let F = A:[[s^, t^]]. Then F is F-nilpotent but not 

normal or Cohen-Macaulay. 


3. Main result 

In this section, we propose a conjecture closely related to the weak ordinarity conjecture 
(Conjecture 1.9) and investigate a geometric interpretation of F-nilpotent rings assuming 
this conjecture. 

An equi-dimensional separated reduced scheme X of finite type over an algebraically closed 
field k is said to be a simple normal crossing variety over k of dimension n if each irreducible 
component of X is smooth and if for every closed point x € X, there exists an isomorphism 

dx,x = k[[n,...,Tn]]/iToTi---TrJ 

of Falgebras for some 0 < r^ < n, where Ox,x is the mx,x-adic completion of Ox,x- 

Conjecture N„. Let V be an n-dimensional projective simple normal crossing variety over an 
algebraically closed field k of characteristic zero. Given a model of V over a finitely generated 
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Z-subalgebra A of k, there exists a dense subset of closed points S C Spec A such that for 
every i, unless H^{V,Ov) = 0, the natural Frobenius action on H^{Vfj,,Ov^) is non-nilpotent 
for all /X € 5. 

Remark 3.1. (1) It follows from [3, Lemma 4.5] that Conjecture 1.9 implies Conjecture N„. 
On the other hand, Bhargav Bhatt points out in [2] that if Conjecture N„ holds for all n, 
then Conjecture 1.9 holds as well. 

(2) Conjecture N„_|_i implies Conjecture N„. Indeed, let V be an n-dimensional projective 
simple normal crossing variety over an algebraically closed field k of characteristic zero. 
Suppose that we are given a model of V over a finitely generated Z-subalgebra ^ of fc. 
Applying Conjecture N„_|_i to the product V oi V and the projective line P^, we see 
that there exists a dense subset of closed points S C Spec A such that for each i < n, 
provided H^(y,Ov) = H^(V x P^,Oyxpi) 7^ 0, the Frobenius action on = 

H^{{V X P^)^, is non-nilpotent for all /x € 5. This means that Conjecture 

holds. 

The authors learned the following lemma from Bhargav Bhatt, who they thank. 

Lemma 3.2. Let X be a smooth projective variety over a number field K. 

(1) Assume that H^{X,Ox) 7^ 0. Then there exist a finite extension LfK of number 

fields and a set S of primes of density one in L such that the natural Frobenius action 
on the sheaf cohomology ((X I-')v,0(^x®kL)v) reduction {X iSir L)^ of 

X ^R L is non-nilpotent for all u ^ S. 

(2) Assume that H‘^[X,Ox) 0. Then there exists a set S of primes of positive density 

in K such that the natural Frobenius action on the sheaf cohomology H‘^{Xy, Ox^) of 
the reduction X^ of X is non-nilpotent for all v ^ S. 

Proof. (1) Let A := Alb(X) be the Albanese variety of X. It follows from [31] and [20, 
Theorem 6.6.2] that there exist a finite extension LjK of number fields and a set S of primes 
of density one in L such that the p-rank of {A®r L)i, is at least one for all v ^ S. The p-rank 
of {A <S)R L)i, is equal to the dimension of the semi-simple part of 

H^{{A®r L)y,0(^A®KLL) = ®R L)y,0(^x®KLL) 

with respect to the Frobenius action. Thus, the Frobenius action on H^{{X®RL)y, 0(^x^kL)„) 
is non-nilpotent for all p € S'. 

(2) Ogus proved in [26] that every abelian surface has infinitely many primes of ordinary 
reduction. We employ the same argument, but we use p-adic Hodge theory instead of the 
semi-simplicity of crystalline Frobenius. 

Let K be the algebraic closure of K and X = X ®r K. Let Gr = Gal(iF/iL) be the 
absolute Galois group of K. Fix a prime i > d := dimQ^ Q^) (we can take such 

an i, because d is independent of the choice of i) and consider the corresponding Galois 
representation pe : Gr —>• AutQ^ [H‘^{X^t,Qe)) ■ The action of Gr leaves the free part 
of H‘^{X^i,Zi) hxed, so let pi denote the representation of Gr on Vg (g) Z/iZ induced by pi. 
Take a finite Galois extension L of Q, containing K and all the £-th roots of unity, such that 
Jificr) = 1 for all u in the absolute Galois group Gl of L. Let zx be a prime of L lying over 
a rational prime p i such that p completely splits in L. Assume in addition that zx is a 
place of good reduction for X ®r L, and write {X ®r L)y for the reduction of X ®r L at 
zx. Note that the set of such primes zx has density one in L. After replacing iL by L and X 
by X ®R L, we will show that the natural Frobenius action on H^{X^, Ox^) is not nilpotent 
for a set of primes zx of positive density in K. 
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Let tp be the trace of the ^-adic Frobenius Fp acting on which is a rational 

integer. Since ’PiIgl is trivial, we have 

tp = d mod i. (3.1a) 

Also, since p splits completely in L and L contains all the £-th roots of unity, we have 

p = 1 mod i. (3.1b) 

Suppose to the contrary that the Frobenius action on {Xp , Oxp ) is nilpotent for a set 
of primes v of density one. It then follows from [16, Proposition 5.1] that 

H‘^{{Xp ^kp kp),^,ZlpZ) = 0 , 

where kp is the algebraic closure of the residue field kp at the prime v. The etale co¬ 
homology H‘^{[Xp ^kp kp'j, Z/pZ) corresponds to the part of the crystalline cohomology 
H^j.^^{Xp/W{kp)) 0Qp on which the eigenvalues of the crystalline Frobenius are p-adic units. 
Therefore, the trace of the crystalline Frobenius on H‘^^-^^{Xp/W{kp))®Q_p, which is a rational 
integer, is divisible by p. On the other hand, by Katz-Messing theorem [21], the characteristic 
polynomials of the crystalline Frobenius on HF^{Xp/W{kp))i^Qp and of the Aadic Frobenius 
Fp on F[‘^{X^i,Qi) are equal to each other. Thus, the trace tp of the Aadic Frobenius Fp is 
divisible by p. 

By the Weil conjectures, the eigenvalues of Fp are algebraic integers ai,... ,ad such that 
juj] = p for all archimedean absolute values and for all i = 1,..., d. In particular, \tp\ < dp. 
Since we have seen above that tp is a rational integer divisible by p, it follows from the 
equations (3.1a) and (3.1b), together with the fact that i > d, that tp = ±dp. This implies 
that the a* are all equal to ±p. By assumption, this holds for the set of primes z/ of density 
one, so Chebotarev’s density theorem tells us that tr(p£) = tr (Q£(—1)®'^). Thus, the semi¬ 
simplification pY of Pi is isomorphic to Q£(—1)®*^, because a semi-simple representation is 
determined by its trace. 

Now we use the Hodge-Tate decomposition of p-adic etale cohomology due to Faltings [11]. 
Fix a maximal ideal A of Ok dividing £, and let Kx be the A-adic completion of K and Kx be 
its algebraic closure. Let also Xk^ = X ®k Kx- We fix an inclusion K ^ Kx and consider 
Gal(A'A/A'A) as a subgroup of Gk- Then there exists a Gal(iLA/iLA)-equivariant isomorphism 

i+j=2 

where Gal(iLA/A'A) acts on the left-hand side diagonally and on Lf*(Ax;,, ij^^) triv¬ 
ially. Since ^ ^nd (Q(j))^^'^^/^^^ = 0 for all j + 0, using the fact 

that the Hodge numbers can be recovered from the semi-simplifications of the p-adic Galois 
representations (see for example [19, Remark 4.2] or [34, Proposition 5.1]), we see that 

KmxKB:^{X,Ox) = dimx,(pr = dim^, 

= 0 . 

However, this contradicts the assumption that H^{X,Ox) 7 ^ 0. □ 

Using Lemma 3.2, we can prove Conjectures Ni and N2. 

Proposition 3.3. Conjecture holds true ifn<2. 
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Proof. By Remark 3.1 (2), it suffices to consider the case where n = 2. By an argument 
similar to the proof of [24, Proposition 5.3], we may assume that fc = Q without loss of 
generality. 

Let V = ^ • Vi be the irreducible decomposition of V, and denote ■= Vi^ H ■ ■ ■ CiVi^^ 

for io < • • • < ip. Then there exists the following spectral sequence (see [13, 4.13]): 

This spectral sequence degenerates at the E2 term, because after extending the scalars to C, 
its terms and differentials are isomorphic to the zeroth graded pieces of the Hodge filtrations 
on those of the Mayer-Vietoris spectral sequence 

which degenerates at the E2 term. 

First, we consider the case where E'^ = H^{V,Ov) 7 ^ 0. Suppose to the contrary that 
there exists a dense open subset T C SpecH such that the Frobenius action on Oy^) 

is nilpotent for all closed points /r G T. Since we have a surjection E^ —> E^’^ and 

^ ^ eI’^) = 0 H^(V, OvJ, 

i 

if Oyf) 7 ^ 0 for some i, then the Frobenius action on Oy^ has to be nilpotent 

for all closed points /r G T. However, we have already seen in Lemma 3.2 (2) that Conjecture 
N2 holds for smooth projective surfaces, so this is a contradiction. Therefore, H'^{Vi, Oyf) = 0 
for all z, that is, Ef = 0. In this case, the above spectral sequence induces a surjection 
E’^ —>■ e\'^ ^ where 

El’^ = ^ e\'^ ^ E^^) = coker I^H\Vi,Oy) ^ ^ H\Vi,j,Oy.^) 

\ i i<j 

If £^ 2 ’^ 7 ^ 0,then the Frobenius action on E^’^ has to be nilpotent for all closed points jj £ T. 
On the other hand, by considering Albanese varieties, one can think of £ 2 ’^ as the first 
cohomology group E[^{X,Ox) of a positive-dimensional abelian variety X over k. It follows 
from Lemma 3.2 (1) that there exists a dense subset of closed points S C SpecH such that 
the Frobenius action on H^{Xp,Oxff) = E^’l^ is non-nilpotent for all fj. £ S. This is a 
contradiction. Therefore, £ 2 ’^ = 0 and then £^ = £ 2 ’*^. Since 



£2’° = £(£^° ^ £2’° ^ £3-0) = coker ^H^{Vj,Oy.^) ^ 0 

\i<j i<j<l 

the Frobenius action on Oy^) = £^ = £2’° is bijective for all closed points /i G Spec A. 

This is a contradiction again. Thus, there exists a dense subset of closed points S 2 C Spec A 
such that the Frobenius action on H‘^{Vp,,Oy^) is non-nilpotent for all /r G ^ 2 . 
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Next, we consider the case where 
we have a surjection E 2 , where 


H^{V,Ov) 7 ^ 0. By the above spectral sequence, 


E^/ = HiE-^’^ 


E 


0,1 


= ker 




i<j 


When £^ 2 ’^ 7 ^ 0, by considering Albanese varieties, one can think of £ 2 ’^ as the first coho¬ 
mology group H^{Y,Oy) of a positive-dimensional abelian variety Y over k. It follows from 
Lemma 3.2 (1) that there exists a dense subset of closed points S' C Spec A such that the 
Frobenius action on E^’^ is non-nilpotent for all fi £ S'. In particular, the Frobenius action on 
= £^ is non-nilpotent for all /r € S'. When £ 2 ’^ = 0, we have an isomorphism 
£^ ^ £ 2 ’°. Since 

£2’° = £(£°’° ^ £i’° ^ £i’°) 

\ i i<j i<j<l 



the Frobenius action on Oy^) = £^ = £ 2 ’*^ is bijective for all closed points /i G Spec A. 

Thus, in either case, there exists a dense subset of closed points Si C Spec A such that the 
Frobenius action on H^{V^,Ov^) is non-nilpotent for all /r G Si. 

Finally, we consider the case where £^^(1^, Oy) and H^(V, Oy) are both nonzero. Since the 
density of Si (resp. S 2 ) depends on Lemma 3.2 (1) (resp. Lemma 3.2 (2)), after enlarging the 
Z-subalgebra A of A: if necessary, we may assume that Si has density one and S 2 has positive 
density. Then Si n S 2 is a dense subset of closed points in Spec T, and the Frobenius actions 
on H^{V^,Oy^) and on H'^(y^,Oy^) are both non-nilpotent for all /r G Si n S 2 . □ 


The following is a key result of this paper. We obtain a cohomological characterization of 
rings of £-nilpotent type in the case of isolated singularities. 

Theorem 3.4. Let {x G X) be an n-dimensional normal singularity over an algebraically 
closed field k of characteristic zero such that x is an isolated non-rational point of X. Let 
TT : Y ^ X be a projective log resolution of {x G X) and Z be the closed fiber 7r~^{x) with 
reduced scheme structure. Suppose that Conjecture N„_i holds true. Then {x G X) is of 
E-nilpotent type if and only if H^{Z, Oz) = 0 for all i >1. 

Proof. Suppose that {x G X) is of £-nilpotent type. Then we are given a model of (vr, Z) 
over a finitely generated Z-subalgebra A oi k such that Ox^,x^ is £-nilpotent for all closed 
points pL G Spec A. For each p, G Spec A, we denote by {X-p,xj[) the base change of {X^,x^) 
to an algebraic closure k(p.) of k{fi). Replacing Oxji:,x-p: by its completion, we may assume 
that Xjz = Spec Rp where Rp is a complete local ring with algebraically closed residue field 
It follows from Proposition 2.4 (3) that Rp is £-nilpotent. 

We consider the Artin-Schreier sequence in the etale topology 

0 ^ Z/pZ -G Oy- Oy- ^ 0, 

which induces the long exact sequence 

...^H'{{Yp\ ZpfiyZjpZ) -G H' [Yp \ Zp, Oy-) ^ H' [Yp \ % Oy_) ^ . 
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By [16, Lemma 1.15], the map id — F is surjective on 

H\Y-p \ Zj,, Oy^) = \ {xj,}, Ox^) = %. 

Note that \ Zjj, Oy-) = \ Ox-p) = iL|+^|(Oxjr) for all i > 1. Since x is an 

isolated non-rational point of X, after possibly enlarging A, we may assume that W^^^{Ox-j!) 
is a finitely generated i?p'module for all i < n — 2 and for all closed points ^ € Spec^d. It 
then follows from [16, Lemma 1.15] and Proposition 2.5 that for each /r S Spec A, the map 
id — F : Hl'tS.iPx-rr) HY!1 \{Oxtt) is bijective for alH < n — 2 and is injective for i = n — 1. 
By looking at the above long exact sequence, we see that for all 1 < z < n — 1 and for all 
^ G Spec A, 

H\{Yj,\Zj,),uZlpZ) = d. (3.2a) 

On the other hand, the above Artin-Schreier sequence also induces the exact sequence 

^ -y H^z^{Y-p,Oy^) 

for all z > 0. By the Grauert-Riemenschneider vanishing theorem, after possibly enlarging A, 
we may assume that H''^_(Yjj:, Oy-^) = 0 for all z < n — 1 and for all closed points p G Spec A. 
Hence, H^^_{{Y-p)^i,'Z/p'Z) = 0 for all z < n — 1. Applying this to the localization exact 
sequence 

Wz^{{Yp),t,ZlpZ) ^ H\{Y^),,,TLlpTL) ^ H\{Y-p\ Zj,),t,ZlpZ) 
together with (3.2a), we have the fact that 

H\{Zjr)a,ZlpZ) ^ H\{Y-p),t,^lpZ) = 0 

for all 1 < z < n — 1 and all p G Spec A, where the first isomorphism follows from the proper 
base change theorem for etale cohomology. By the Artin-Schreier sequence on Zj[ (see also 
[16, Proposition 5.1]), 

H\Zj,, Oz^)ss = H\{Zj,)^t.1^lpZ) W) = ^. 

that is, the Frobenius action on F*(Z^, 0^_) is nilpotent for all 1 < z < n — 1 and all 
p G Spec A. It follows from an application of Conjecture N„_i to Z that there exists a dense 
subset of closed points S C Spec A such that H'^{Z-p, Oz-^j) = 0 for all 1 < z < re — 1 and all 
p ^ S. Thus, we conclude that H^{Z, Oz) = 0 for all 1 < z < re — 1. 

For the converse, just reverse the above argument. The theorem is proved. □ 

Remark 3.5. By the same argument as that of Theorem 3.4, we can prove the following, with¬ 
out assuming Conjecture N„_i. For (2), note that the Grauert-Riemenschneider vanishing 
theorem holds for two-dimensional excellent local rings. 

(1) Let the notation be the same as in Theorem 3.4, and suppose that we are given a 
model of (x G A) over a finitely generated Z-subalgebra A of A;. Then (x G A) is 
of F-nilpotent type if and only if there exists a dense open subset S C Spec A such 
that the Frobenius action on H^{Z^, C^z^) is nilpotent for all z > 1 and for all closed 
points p G S. 

(2) Let (F, m) be a two-dimensional F-finite normal local ring with algebraically closed 
residue field of characteristic p > 0. Let tt : Y —)> A be a log resolution of (x G A) := 
(m G SpecF) and Z be the closed fiber 7r“^(x) with reduced scheme structure. Then 
R is F-nilpotent if and only if the natural Frobenius action on H^{Z, Oz) is nilpotent. 
In particular, if Z is a tree of smooth rational curves (which is equivalent to saying 
that H^{Z,Oz) = 0), then R is F-nilpotent. 
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Remark 3.6. In the setting of Theorem 3.4, it suffices to have the following conjecture in order 
to prove the equivalence of the T-nilpotence of {x G X) and the vanishing of H^{Z,Oz) for 
all i > 1: 

Conjecture N^. Let V be an n-dimensional projective simple normal crossing variety over an 
algebraically closed field k of characteristic zero. Suppose that we are given a model of V 
over a finitely generated Z-subalgebra A of k. If there exists a dense open subset S C Spec A 
such that the natural Frohenius action on Oy^) is nilpotent for all closed points G 5 

and all i > 1, then Oy) = 0 for all i>l. 

Conjecture N„ clearly implies Conjecture N^, and we suspect that Conjecture N'„ is weaker 
than Conjecture N„. We also remark that Conjecture implies Conjecture by the same 
argument as in Theorem 3.8. 

As an immediate corollary of Theorem 3.4, we show a statement analogous to Proposition 
2.4 (1), assuming Conjecture N„_i. 

Corollary 3.7. (1) If (x G A) is a rational singularity, then it is of F-nilpotent type. 

(2) Let [x G X) be an n-dimensional normal isolated singularity over an algebraically 
closed field k of characteristic zero. Suppose that Conjecture Nn_i holds true. Then 
{x G X) is a rational singularity if and only if it is Du Bois and of F-nilpotent type. 

Proof. (1) It is immediate from Theorem 1.7 (1) and Proposition 2.4. 

(2) The “only if’ part follows from (1) and [33], so we will prove the “if’ part. 

Assume that {x £ X) is Du Bois and of T-nilpotent type. Let tt :Y —>■ A be a projective 
log resolution of (x G A) such that tt\y\e ■ Y \ E ^ X \ {x} is an isomorphism, where 
E = ^ ■ Ei is the exceptional locus of it. Since (x G A) is Du Bois, the natural map 
H^{E,Oe) is an isomorphism for all i > 1. On the other hand, by Theorem 
3.4, H^{E,Oe) = 0 for all i > 1. Thus, {R^tt,^Oy)x = 0 for all i > 1, which means that 
(x G A) is a rational singularity. □ 

Theorem 3.4 suggests the following more Hodge-theoretic (and resolution-free) character¬ 
ization of isolated singularities of T-nilpotent type. 

Conjecture H„. Let (x G A) be an n-dimensional normal isolated singularity over the field 
C of complex numbers {and then L7|^|(Aan,C) has a canonical mixed Hodge .structure due to 
Steenbrink [33]). Then (x G A) is of F-nilpotent type if and only if the zeroth graded piece 
Gr5^L7|^|(Aan, C) of the Hodge filtration vanishes for all i. 

Theorem 3.8. Conjecture N„_i implies Conjecture H„. In particular, by Proposition 3.3, 
Conjecture H3 holds true. That is, if (x G A) is a three-dimensional normal isolated singu¬ 
larity over C, then (x G A) is of F-nilpotent type if and only i/Gr^L7|^|(Aan, C) = 0 for all 

i. 

Proof. We may assume that A is a contractible Stein space and x is the only singular point 
of A. Since (x G A) is normal, one has iL|^|(A, C) = L7|^|(A, C) = 0. Let it : Y ^ A be 

a resolution of singularities such that E := 7r“^({x}) is a simple normal crossing divisor and 
7r|y\£; : Y \ E ^ X \ {x} is biholomorphic. We assume in addition that tt is projective. By 
Theorem 3.4, it is enough to show that W{E,Oe) — Gr^iL|]^| (A, C) for all i > 1. 

By [33, (l.IO)], we have the following exact sequence of mixed Hodge structures 
HfiY, Y\E-C)^ HfiE^n, C) ^ 77g/(A, C) ^ W+\Y, A \ A; C) 
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for all z > 1. Therefore, in order to show that 

H\E,Oe) = ^ Gt%HI+^{X,C) 

for all i, it suffices to prove that Gt%W{Y, T \ £"; C) = 0 for all i. 

By Artin’s algebraization theorem, there exists a complete algebraic variety V which con¬ 
tains X as an open subset and is smooth outside x. Let e \ W ^ V he the resolution of 
singularities obtained by replacing X by Y. By excision, we have an isomorphism of mixed 
Hodge structures H^{Y,Y \ E-,C) = H^{Wan, (W \ £')an;C) for all i. Note that the Hodge 
filtration on W{{W \ E)a,^,C) coincides with the one induced by the Hodge to de Rham 
spectral sequence 

L!^/c(log E)) => EP+<i = \ EU, C), 

which degenerates at the Ei term, because LI is a simple normal crossing divisor on the 
complete variety W. Hence, we obtain natural isomorphisms 

Gi^FH\W^r.,C)^H\W,Ow) = GTlH\{W\EU,C) 

for all i. Applying this to the exact sequence on W 

• • • ^ /L'(lRan, (H^ \ ^)an; C) ^ ^'(ITan, C) ^ H\{W \ E^, C) ^ , 

we conclude that 

GT%W{Y,Y\E-C)^GT%W{W^n,{W\EU;C) = 0. 

□ 


4. A CHARACTERIZATION IN TERMS OF DIVISOR CLASS GROUPS AND BrAUER GROUPS 

Using a correspondence of rational singularities and T-rational rings (see Theorem 1.7 (1)), 
we can reformulate a result of Lipman as follows. 

Theorem 4.1 (cf. [22, Theorem 17.4]). Let (R,rri) be a two-dimensional normal local ring 
essentially of finite type over an algebraically closed field k of characteristic zero. Let R 
denote the m-adic completion of R. Then R is of F-rational type if and only if the divisor 
class group Cl{R) of R is finite (or, equivalently, Cl(R) is torsion). 

As a corollary of Theorem 3.4, we give a similar characterization of two-dimensional local 
rings of L’-nilpotent type in terms of divisor class groups. 

Theorem 4.2. Let (R,m) be a two-dimensional normal local ring essentially of finite type 
over an algebraically closed field k of characteristic zero. Let R denote the m-adic completion 
of R. Then R is of F-nilpotent type if and only if the divisor class group Gl(R) of R does 
not contain the torsion group Q/Z. 

Proof. Let tt : X ^ X := Spec72 be a log resolution of (72, m) such that \ E ^ 

X \ {m} is an isomorphism, where E = - Ei denotes the exceptional locus of vr. By 

Theorem 3.4, it is enough to show that H^{E,Oe) 7 ^ 0 if and only if Cl(72) contains Q/Z. 
Since H^(E,Oe) does not change after the completion of 72, we may assume that (72, m) is 
a complete local ring with algebraically closed residue field. 
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First note that H^{E,Oe) 7 ^ 0 if and only if the Picard scheme Pic^{E) has positive 
dimension. Since E = ^ simple normal crossing divisor, by [1, p.488], there exists 

an exact sequence 

0 ^ ^ Pic°(F;) ^ Yl ^ 0 

i 

for some integer a > 0 and each Pic'^(£'j) is an abelian variety. This means that Pic^(£') is a 
semi-abelian variety, in particular, a divisible abelian group. Therefore, Pic'^(Fl) has positive 
dimension if and only if Pic'^(Fl) contains Q/Z. By [ 8 , Lemma 5.4], there exists an effective 
divisor D supported on E such that Pic^(X) = Pic'^(D). It follows from an argument of 
[1] that the kernel of the restriction map Pic*^(L)) ^ Pic^(Fl) has a composition series with 
factors isomorphic to Ga. Hence, we have an exact sequence 

0 ^ Gf ^ Pic°(X) ^ Pic°(.E) ^ 0 

for some integer /3 > 0, where the subjectivity of the map Pic*^(X) ^ Pic^(£') follows from 
[ 8 , Lemma 5.3] (see also [22, Lemma (14.3)]). Since Ga is torsion-free, Pic*^(£') contains Q/Z 
if and only if Pic°(X) does. 

By [22, Proposition (14.2)], there is another exact sequence 

0 ^ Pic°(X) ^ C\{R) ^ S' ^ 0, 

where LI is a finite group. Comparing the largest divisible subgroup of each group in this 
sequence, we see that Pic^(X) contains Q/Z if and only if C1(L?) does. Thus, summing up the 
above arguments, we conclude that H^{E, Oe) 7 ^ 0 if and only if C1(L?) contains Q/Z. □ 

Example 4.3. (1) Let (L?,m) = (fl[x,y, z]/{x^ + y'^ + z^)') ^ Then C1(L2) = C, 

which does not contain Q/Z, and R is of F-nilpotent type by Example 2.7 (1). 

(2) Let (L2,m) = {C[x,y,z\/{x‘^ + y'^ + z'^ + xyz)) Then Cl(i?) = C^, which con¬ 
tains Q/Z via the map t i-)> and R is not of F-nilpotent type by Example 

2.7 (2). 

We also have a similar characterization of three-dimensional normal graded isolated sin¬ 
gularities of F-nilpotent type in terms of Brauer groups. The cohomological Brauer group 
Br'(X) of a scheme X is defined to be the torsion part of F^(X 4 t,Gm)- 

Theorem 4.4. Let (F,m) he a three-dimensional standard graded normal domain over an 
algebraically closed field k of characteristic zero. Suppose that the localization Rm of R at 
the homogeneous maximal ideal m is an isolated singularity, and put Spec°F = SpecF\ {m}. 
Then R^. is of E-nilpotent type if and only if neither Br'(Spec°F) nor Cl{R) contains Q/Z. 

Proof. Let X = Proj R. In view of Theorem 3.4, R^ is of F-nilpotent type if and only if 
H\X,Ox) = 0 for i = 1 , 2 . 

Claim. W{X,Ox) = 0 for z = 1,2 if and only if neither Br'(X) nor Pic(X) contains Q/Z. 

Proof of Claim. Making use of the Kummer sequence and the smooth base change theorem 
of etale cohomology, we can see that Br'(X) does not change under extensions of algebraically 
closed fields of characteristic zero. Therefore, we may assume that k = C. 

It follows from [28, Proposition 1.3] that BF(X) is isomorphic to the analytic cohomological 
Brauer group Br'(Xan), the torsion part of P[‘^{Xa_n,0^^^). The exponential sequence 0 —>■ 
Z ^ Oxan ^ ^Xan ^ ^ Induces the following exact sequence: 

F2(Xa„,Z) ^ H\X,Ox) ^ ^ F3(Xan,Z). 


NILPOTENCE OF FROBENIUS ACTION 


17 


Note that is finitely generated for every i, because X is a projective variety. If 

H‘^{X,Ox) = 0, then is embedded into the finitely generated abelian group 

so Br'(Xan) does not contain Q/Z. Conversely, suppose that H‘^{X,Ox) 7 ^ 0. 
Since we know from Hodge theory that the complexification of the map a is surjective, Q/Z 
is contained in Coker a, which can be considered as a subgroup of Br'(Xan). Summing up 
the above, we see that H‘^{X,Ox) = 0 if and only if Br'(X) does not contain Q/Z. By a 
similar argument, we also see that H^{X,Ox) = 0 if and only if Pic(X) does not contain 
Q/Z. □ 

It is well-known that Cl(i?) = Pic(X)/Z[fI], where [H] is the class of a hyperplane section, 
so Pic(X) contains Q/Z if and only if C\{R) does. Thus, by the above claim, it suffices to 
show that Br'(X) contains Q/Z if and only if BP(Spec°ii) does. For each prime number p, we 
denote the p-power torsion subgroup of an abelian group M by M{p}. By [18, Proposition 
14], there exists an exact sequence 

0 ^ Br'(X){p} Br'(Spec°i?){p} Gp ^ 0, 

where Gp is a finite group. Therefore, Br'(X){p} contains ^pjTLp if and only if Br'(Spec°i?){p} 
does. Since Q/Z = 0pQp/Zp, this proves what we want. □ 
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